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Abstract
Fix a graph F . We say that a graph is F -free if it does not contain F as a subgraph.
The Tura´n number of F , denoted ex(n, F ), is the maximum number of edges possible
in an n-vertex F -free graph. The study of Tura´n numbers is a central problem in graph
theory. The goal of this paper is to generalize a theorem of Lidicky´, Liu and Palmer
[Electron. J. of Combin. 20 (2016)] that determines ex(n, F ) for F a forest of stars.
In particular, we consider generalizations of the problem to three different well-studied
hypergraph settings and in each case we prove an asymptotic result for all reasonable
parameters defining our “star forests”.
1 Introduction
Let F be an r-uniform hypergraph. A hypergraph is F-free if it has no subgraph isomorphic
to F . The Tura´n number of F is the maximum number of hyperedges in an r-uniform
n-vertex F -free hypergraph. We denote this maximum by exr(n,F). When r = 2 we
are considering the problem to determine ex(n, F ) = ex2(n, F ) where F is an ordinary
graph. This is a central and well-studied problem in graph theory. For example, Tura´n’s
seminal theorem [46] determines exactly the Tura´n number for a complete graph Kk. The
fundamental Erdo˝s-Stone-Simonovits theorem [15, 16] gives the following asymptotic result
for all k-chromatic graphs F :
ex(n, F ) =
(
1− 1
k − 1
)
n2
2
+ o(n2).
Note that when F is bipartite this only gives ex(n, F ) = o(n2). Determining Tura´n numbers
for bipartite graphs remains an active area of research. See the survey of Fu¨redi and Si-
monovits [21] for an extensive history. Classic bounds are given by Erdo˝s and Gallai [13] for
paths, Ko˝va´ri, So´s and Tura´n [39] for complete bipartite graphs and Bondy and Simonovits
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[4] for even cycles. Erdo˝s and So´s [11] conjectured ex(n, F ) ≤ t−2
2
n when F is a tree on t
vertices. Ajtai, Komlo´s, Simonovits and Szemere´di announced a proof of this conjecture.
The conjecture is also known to hold for various classes of specific trees. Unlike what is
conjectured for trees, the Tura´n number of forests depends heavily on the structure of the
forest.
Let S` be the star with ` edges (i.e., ` distinct edges all sharing the same common vertex)
and let P` denote
1 the path of length `, i.e., the path with ` edges and ` + 1 vertices (it
will be convenient later when dealing with hypergraphs that we keep track of the number of
hyperedges rather than vertices). For a graph (or hypergraph) F let k · F denote the graph
composed of k pairwise vertex-disjoint copies of the graph F . Bushaw and Kettle [5] gave
the following bounds for a forest of paths where k ≥ 2, ` ≥ 3 and n large enough,
ex(n, k · P`) =
(
k
⌊
`+ 1
2
⌋
− 1
)(
n− k
⌊
`+ 1
2
⌋
+ 1
)
+
(
k
⌊
`+1
2
⌋− 1
2
)
+ c`
where c` = 1 if `+ 1 is odd, and c` = 0 if `+ 1 is even. Compare this bound with a special
case of a theorem of Lidicky´, Liu and Palmer [41] for a forest of stars (see also [35] for a
simplified proof).
Theorem 1 (Lidicky´, Liu and Palmer, [41]). Fix integers `, k ≥ 1. Then for n be large
enough,
ex(n, k · S`) =
⌊
`− 1
2
(n− k + 1)
⌋
+ (k − 1)(n− k + 1) +
(
k − 1
2
)
.
Determining Tura´n numbers for hypergraphs of uniformity r ≥ 3 has been significantly
more difficult than in the graph case. For example, we do not know the Tura´n number of K34 ,
the 3-uniform 4-vertex complete hypergraph. Another open example is the star S+` which is
the r-uniform hypergraph consisting of ` hyperedges all sharing exactly one common vertex.
This problem is related to the sunflower problem [14] which suggests why it appears to be
difficult.
Motivated by Theorem 1 and the difficulty of determining hypergraph Tura´n numbers,
the goal of this paper is to find Tura´n numbers of various analogues of “star forests” in the
hypergraph setting. Before stating our main theorems we need several definitions.
Given a graph F , the expansion of F is the r-uniform hypergraph F+ constructed by
adding r − 2 new distinct vertices to each edge of F . Note that when r = 2, then the
expansion F+ is simply the graph F . Tura´n numbers for various expansions have been
investigated. Mubayi [42] and Pikhurko [45] considered the case when F is a complete
graph. Fu¨redi and Jiang [18]; Fu¨redi, Jiang, and Seiver [19]; and Fu¨redi [17] examined
the case when F is a path, cycle, or tree, respectively. A series of papers [36, 37, 38] by
Kostochka, Mubayi and Verstrae¨te also consider expansions for paths, cycles, trees, as well
as other graphs. Bushaw and Kettle [6] consider the case k · P+` , i.e, a forest k disjoint
1Note that in related works the notation P` is sometimes used for the `-vertex path and at other times
for the `-edge path.
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expansions of the path P`. The case when F is the expansion of a star S` has considerable
history. See the survey of Mubayi and Verstrae¨te [43] for an overview. Our first two main
theorems involve a hypergraph forest composed of the expansion of stars, i.e., k · S+` . First
we prove:
Theorem 2. Fix integers `, k ≥ 1 and r ≥ 2. Then for n large enough,
exr(n, k · S+` ) =
(
n
r
)
−
(
n− k + 1
r
)
+ exr(n− k + 1, S+` ).
A theorem of Duke and Erdo˝s [8] gives exr(n, S
+
` ) = Θ(n
r−2), so Theorem 2 gives the
asymptotic bound
exr(n, k · S+` ) ∼
k − 1
(r − 1)!n
r−1.
Note that an expansion is a linear hypergraph, i.e., a hypergraph such that every pair
of hyperedges share at most one vertex. It is natural to consider extremal problems where
the host hypergraph is linear when the forbidden hypergraph is linear. To that end let
exlinr (n, F ) be the maximum number of hyperedges in an r-uniform n-vertex linear hypergraph
containing no subhypergraph isomorphic to F . An interesting example is exlin3 (n,C
+
3 ) which
is equivalent to the famous (6, 3)-problem. Tura´n numbers in linear host hypergraphs have
been examined in [9, 10, 24, 40, 47]. However, most of these papers do not deal specifically
with the case when an expansion F+ is forbidden. In this case we prove:
Theorem 3. Fix integers `, k ≥ 1 and r ≥ 2. Then for n large enough,
exlinr (n, k · S+` ) ≤
(
`− 1
r
+
k − 1
r − 1
)
(n− k + 1) +
(
k−1
2
)(
r
2
) .
Furthermore, this bound is sharp asymptotically.
For our third main theorem we need a further definition due to Gerbner and Palmer
[26]. For a graph F , we say that a hypergraph H is a Berge-F if there is an injection
f : V (F )→ V (H) and bijection f ′ : E(F )→ E(H) such that for every edge uv ∈ E(F ) we
have {f(u), f(v)} ⊆ f ′(uv). Alternatively, H is Berge-F if we can embed a distinct graph
edge into each hyperedge of H to obtain a copy of F . Note that for a fixed F there are many
different hypergraphs that are a Berge-F and a fixed hypergraph H can be a Berge-F for
more than one graph F .
We use the term Berge-F -free for hypergraphs that have no subhypergraph isomorphic
to any Berge-F . For a fixed graph F , let exr(n,Berge-F ) denote the maximum number of
hyperedges in an r-uniform n-vertex Berge-F -free hypergraph.
The behavior of exr(Berge-F ) has been investigated in a number of recent manuscripts.
For example, see [20, 29, 31, 32, 33] for cycles, [7, 30] for paths and [26, 24, 44] for complete
bipartite graphs. General results are given in [2, 23, 27, 34]. For a short survey of extremal
results for Berge hypergraphs see Subsection 5.2.2 in [28].
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As the expansion F+ of F is just a particular instance of a Berge-F we have the following
trivial inequality
exr(n,Berge-F ) ≤ exr(n, F+).
However, in general these two extremal numbers are not asymptotic. Our third main theorem
and Theorem 2 give an example of when they differ significantly.
Theorem 4. Fix integers `, k ≥ 1, r ≥ 3 and let n be large enough. If r ≥ `+ k − 1, then
exr(n,Berge-k · S`) ≤ `− 1
r − k + 1(n− k + 1).
If r ≤ `+ k − 2 then,
exr(n,Berge-k · S`) ≤
((
`+ k − 1
r
)
−
(
k − 1
r
))⌈
n− k + 1
`
⌉
+
(
k − 1
r
)
.
Furthermore, both upper bounds are sharp asymptotically.
Theorem 4 will be the consequence of two theorems proved in Section 4. We prove
Theorem 2 in Section 2 and Theorem 3 in Section 3. Note that the proofs of Theorem 2 and
3 work when r = 2 which give two new proofs of Theorem 1.
Notation. Notation is generally standard and follows the monograph of Bolloba´s [3]. For
a hypergraph H, let E(H) and V (H) denote the hyperedge set and vertex set, respectively.
For a pair of vertex sets A and B, let E(A,B) denote the set of hyperedges that have at least
one vertex in both of A and B. We will use the term center to refer to a vertex of degree `
in a star with ` edges. In a star S` or S
+
` the center is unique. However, in a Berge-S` there
may be more than one vertex eligible to be the center.
2 Forest of expansions of stars
We begin with two classic theorems which are generalized by Theorem 2.
Theorem 5 (Duke and Erdo˝s, [8]). Fix integers ` ≥ 2 and r ≥ 3. Then there exists a
constant c(r) such that for n large enough,
exr(n, S
+
` ) ≤ c(r)`(`− 1)nr−2.
An easy lower bound of order nr−2 on exr(n, S+` ) comes from an r-uniform hypergraph
of size
(
n−2
r−2
)
consisting of all r-sets containing a fixed pair of vertices.
Let M+k be a set of k pairwise-disjoint hyperedges of size r, i.e., a matching of k hyper-
edges.
Theorem 6 (Erdo˝s, [12]). Fix integers k ≥ 1 and r ≥ 2. Then for n large enough,
exr(n,M
+
k ) =
(
n
r
)
−
(
n− k + 1
r
)
.
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The problem to improve the threshold on n for which Theorem 6 holds has attracted
considerable attention and is known as the Erdo˝s Matching Conjecture. See [22] for the
best-known bound and further historical details.
As we may view M+k as a forest of stars each of size 1, i.e., k · S+1 , Theorem 6 serves as
an initial case for the Tura´n number of a forest of the expansion of stars. We are now ready
to prove Theorem 2 which we restate here for convenience. Our proof is an adaptation of
the proof of Theorem 6.
Theorem 2. Fix integers `, k ≥ 1 and r ≥ 2. Then for n large enough,
exr(n, k · S+` ) =
(
n
r
)
−
(
n− k + 1
r
)
+ exr(n− k + 1, S+` ).
Proof. For the lower bound, consider an r-uniform n-vertex hypergraph constructed as fol-
lows. Let A and B be sets of k − 1 and n − k + 1 vertices, respectively. First we embed
an S+` -free hypergraph with exr(n− k + 1, S+` ) hyperedges into B. Next we add every r-set
that is incident to A to our hypergraph. It is easy to see that this hypergraph has exactly
as many hyperedges as in the statement of the theorem. Moreover, as B contains no copy of
S+` each such subgraph must contain at least one vertex of A. Therefore, there is no k · S+`
subgraph.
We now continue with the upper bound. Let H be an r-uniform n-vertex hypergraph
with
|E(H)| >
(
n
r
)
−
(
n− k + 1
r
)
+ exr(n− k + 1, S+` ).
We will show that H contains a copy of k · S+` . We proceed by induction on k. For k = 1
the base case is immediate as |E(H)| > exr(n, S+` ). So let k > 1 and assume the statement
holds for k − 1. We distinguish two cases based on the maximum degree ∆(H) of H.
Case 1: The maximum degree satisfies
∆(H) < 1
(k − 1)((r − 1)`+ 1)
((
n
r
)
−
(
n− k + 1
r
))
.
Consider a copy of t · S+` in H such that t is maximal. We claim that t ≥ k. Indeed, if
t < k, then at most (k− 1)((r− 1)`+ 1) vertices are spanned by the t · S+` . Removing these
vertices (and the incident hyperedges) leaves at least
|E(H)| − (k − 1)((r − 1)`+ 1) ·∆(H) > |E(H)| −
(
n
r
)
−
(
n− k + 1
r
)
> exr(n− k + 1, S+` )
hyperedges. Therefore, there is a copy of S+` that is vertex-disjoint from the t · S+` . This
violates the maximality of t, a contradiction.
5
Case 2: The maximum degree satisfies
∆(H) ≥ 1
(k − 1)((r − 1)`+ 1)
((
n
r
)
−
(
n− k + 1
r
))
.
Let x be a vertex of maximum degree. Observe that d(x) ≤ (n−1
r−1
)
, so
|E(H)| − d(x) >
(
n
r
)
−
(
n− 1
r − 1
)
−
(
n− k + 1
r
)
+ exr(n− k + 1, S+` )
=
(
n− 1
r
)
−
(
n− k + 1
r
)
− exr(n− k + 1, S+` ).
Therefore, if we remove x from H and apply induction to the resulting hypergraph we have
a copy of (k− 1) · S+` . Now it remains to show that there is a copy of S+` with center x that
is vertex-disjoint from the (k − 1) · S+` .
First observe that x and any vertex y ∈ V ((k − 1) · S+` ) are contained in at most
(
n−2
r−2
)
common hyperedges. Therefore, the number of hyperedges containing x and a vertex of the
(k − 1) · S+` is at most
(k − 1)((r − 1)`+ 1)
(
n− 2
r − 2
)
= O(nr−2).
On the other hand, d(x) = Ω(nr−1). Therefore, if we remove the hyperedges of the (k − 1) ·
S+` , we are still left with Ω(n
r−1) hyperedges incident to x. Applying Theorem 5 to these
hyperedges gives a copy of S+` that is vertex-disjoint from the (k− 1) · S+` , i.e, H contains a
copy of k · S+` .
3 Forest of expansions of stars in linear hypergraphs
We need a simple generalization of a lemma proved in [35].
Lemma 7 (Average Degree Lemma). Fix positive integers d and ∆ and a constant 0 ≤  < 1.
If G is a hypergraph with average degree at least d−  and maximum degree at most ∆, then
the number of vertices in G of degree less than d is at most
∆− d+ 
∆− d+ 1n.
In particular, the number of vertices in G of degree at least d is Ω(n).
Proof. The sum of the degrees in G is at least (d − )n. On the other hand, if s is the
number of vertices of degree less than d in G, then the sum of the degrees in G is at most
(d− 1)s+ ∆(n− s). Combining these two estimates and solving for s gives the result.
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We are now ready to prove Theorem 3 which we restate here for convenience.
Theorem 3. Fix integers `, k ≥ 1 and r ≥ 2. Then for n large enough,
exlinr (n, k · S+` ) ≤
(
`− 1
r
+
k − 1
r − 1
)
(n− k + 1) +
(
k−1
2
)(
r
2
) .
Furthermore, this bound is sharp asymptotically.
Proof. Let H be an r-uniform n-vertex linear hypergraph with no k ·S+` subhypergraph. Let
A be the vertices in H of degree at least some fixed (large enough) constant D = D(`, k, r).
If |A| ≥ k, then we can greedily embed k pairwise vertex-disjoint copies of S+` into H. Thus,
|A| ≤ k − 1.
Let H′ be the r-uniform hypergraph resulting from the removal of the vertices of A (and
the hyperedges incident to them) from H. The maximum degree in H′ is less than D. If the
average degree in H′ is at least `− for any  < 1, then by Lemma 7 we have Ω(n) vertices of
degree at least ` in H′. In this case we can greedily embed k pairwise vertex-disjoint copies
of S+` into H′, a contradiction. Therefore, the average degree in H′ is at most `− 1. Thus,
|E(H′)| ≤ `− 1
r
(n− |A|).
Let B be the vertices V (H′) = V (H) − A. Now let us count the hyperedges of H that
contain at least one vertex of A and one vertex of B. Denote this collection of hyperedges
by E(A,B). To this end let us count the number of pairs (h, {x, y}) where h is a hyperedge
of H and x is a vertex in A ∩ h and y is a vertex in B ∩ h. Fixing a hyperedge h ∈ E(A,B)
we have |A∩ h| choices for x and |B ∩ h| choices for y. Thus the number of pairs (h, {x, y})
is ∑
h∈E(A,B)
|A ∩ h||B ∩ h| ≥
∑
h∈E(A,B)
(r − 1) = |E(A,B)|(r − 1).
On the other hand, for a fixed x and y there is at most one hyperedge containing them as
H is linear. Thus, the number of pairs (h, {x, y}) is at most |A|(n− |A|). Combining these
two estimates and solving for |E(A,B)| gives
|E(A,B)| ≤ |A|
r − 1(n− |A|).
Finally, the maximum number of hyperedges contained completely in A is at most
(
k−1
2
)
/
(
r
2
)
as each pair of vertices in A is contained in at most one hyperedge. Therefore, the number
of hyperedges in H is
|E(H)| ≤ `− 1
r
(n− |A|) + |A|
r − 1(n− |A|) +
(
k−1
2
)(
r
2
) .
As |A| ≤ k − 1, we have that for n large enough,
|E(H)| ≤
(
`− 1
r
+
k − 1
r − 1
)
(n− k + 1) +
(
k−1
2
)(
r
2
) .
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Now let us give a construction that satisfies the sharpness assertion. Let [r]d denote the
integer lattice formed by d-tuples from {1, 2, . . . , r}. We can think of [r]d as a hypergraph
in the following way: the collection of d-tuples that are fixed in all but one coordinate form
a hyperedge. Thus [r]d is r-uniform and has rd vertices and d · rd−1 hyperedges. Observe
that [r]d is linear as two hyperedges are either disjoint or intersect in exactly one vertex.
Furthermore, every vertex is included in exactly d hyperedges, so [r]d is d-regular. Finally,
note that the hyperedges of [r]d can be partitioned into d classes each of which forms a
matching. This gives a natural proper hyperedge-coloring of H. We call such a proper
hyperedge-coloring a canonical coloring. See Figure 1 for examples of [r]d.
Figure 1: The hypergraphs [4]3 and [5]2. Each hyperedge is represented by a line segment.
The classes of parallel line segments form the color classes of a canonical coloring
The Cartesian product2 of hypergraphs H and G is the hypergraph H× G on vertex set
V (H)× V (G) with hyperedge set
E(H× G) = {{u} × e | u ∈ V (H) and e ∈ E(G)} ∪ {{v} × f | v ∈ V (G) and f ∈ E(H)}.
Observe that if H is r-uniform and G is s-uniform, then the hyperedges in {{v}× f | v ∈
V (G) and f ∈ E(H)} are of size r and the hyperedges in {{u}×e | u ∈ V (H) and e ∈ E(G)}
are of size s. It is easy to see that if H and G are both linear, then H× G is linear. Indeed,
two vertices u1×u2 and v1× v2 can be contained in a hyperedge if either u1 = u2 or v1 = v2.
Observe that u × v1 and u × v2 are contained in a hyperedge if and only if v1 and v2 are
contained in a hyperedge of G.
Now suppose that n− k+ 1 is divisible by (r− 1)k−1 and r`−1. Let us construct a hyper-
graph H∗ as follows. The vertex set of H∗ is partitioned into a set A∗ = {a1, a2, . . . , ak−1} of
k−1 vertices and a set B∗ of n−k+1 vertices partitioned into distinct copies of [r−1]k−1×
[r]`−1. Let us assume that all hyperedges of size r − 1 in the copies of [r − 1]k−1 × [r]`−1
inherit their canonical hyperedge-coloring from the original hypergraph [r − 1]k−1.
2Here we use the symbol × instead of  to denote the Cartesian product of hypergraphs.
8
The hyperedges of H∗ consist of two types. The first type consist of all hyperedges of
size r in the copies of [r]`−1 in B∗. The second type consists of every h∪ {ai} where ai ∈ A∗
and h is a hyperedge of color i in a copy of [r − 1]k−1 with a canonical hyperedge-coloring.
See Figure 2 for an illustration of this construction. Finally, depending on the size of k − 1
compared to r we may embed a negligible number of hyperedges into A without violating the
linear property of H∗. However, we ignore these potential hyperedges in our construction3.
Let us confirm that H∗ is linear. Two hyperedges of the first type are hyperedges from
copies of the linear hypergraph [r]`−1 and therefore intersect in at most one vertex. Two
hyperedges of the second type are either the same color and therefore intersect in a vertex
in A∗ but not in B∗ or are of different colors and may intersect in B∗ in one vertex, but do
not intersect in A∗. Finally, a hyperedge of the first type and a hyperedge of the second type
intersect in at most one vertex by the construction of [r − 1]k−1 × [r]`−1.
× · · · ×
Figure 2: A construction of H∗ for k − 1 = 3 and r = 5
The number of hyperedges in H∗ is
|H∗| = |E(A∗, B∗)|+ |E(B∗)| ≥ (k − 1)(r − 1)k−2 · n− k + 1
(r − 1)k−1 + (`− 1)r
`−2 · n− k + 1
r`−1
=
(
`− 1
r
+
k − 1
r − 1
)
(n− k + 1).
It now remains to show that H∗ contains no k · S+` . Every vertex in B∗ is incident to
exactly ` − 1 hyperedges that are contained completely in B∗. Therefore, any copy of S+`
in H∗ must use at least one vertex from A∗. Therefore, there are at most k − 1 pairwise
vertex-disjoint copies of S+` .
Theorem 3 gives the following corollary for a matching in the linear setting.
Corollary 8. Fix integers k ≥ 2 and r ≥ 2. Then for n large enough,
exlinr (n,M
+
k ) = ex
lin
r (n, k · S+1 ) =
k − 1
r − 1 (n− k + 1) +O(1).
3In fact, we can embed all
(
k−1
2
)
/
(
r
2
)
hyperedges of a 2-(k − 1, r, 1) design into A if the appropriate
divisibility conditions are satisfied.
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4 Berge star forests
A system of distinct representatives (or SDR for short) in a hypergraph G is a collection of
c distinct hyperedges h1, h2, . . . , hc and c distinct vertices x1, x2, . . . , xc such that xi ∈ hi for
all i. We call xi the representative of hi. The size of an SDR is the number of hyperedges.
We will also use the term c-SDR to refer to an SDR of size c.
Let G be a Berge-G and let g be an arbitrary bijection from G to G such that g(h) ⊂ h,
i.e, g is a bijection that establishes that G is a Berge-G. We call the graph formed by the
image of g a skeleton of G. Thus, a skeleton of G is a copy of G embedded into the vertex
set of G.
Given a hypergraph G and a vertex x, the link hypergraph Gx is defined as
Gx = {h− x |h ∈ G, x ∈ h}.
Observe that for a vertex x in a hypergraph G, the existence of an `-SDR in the link hyper-
graph Gx corresponds exactly to a Berge-S` with center x in G as the x and the representatives
of the `-SDR form the skeleton of a Berge-S`.
We begin with a two lemmas establishing degree conditions for the existence of a Berge-
S`.
Lemma 9. Fix integers r ≥ 3 and ` ≤ r and let G be an r-uniform hypergraph. If x is a
vertex of degree d(x) ≥ ` in G, then there exists a Berge-S` with center x.
Proof. We will show that Gx contains an `-SDR which implies that G contains a Berge-S`
with center x. Suppose there is no `-SDR. Then by Hall’s theorem, there exists a collection
of hyperedges h1, . . . , ht with 1 ≤ t ≤ ` such that∣∣∣∣∣
t⋃
i=1
hi
∣∣∣∣∣ < t.
Each hi contains r − 1 vertices, so |∪hi| ≥ r − 1 ≥ 2. This implies that t ≥ 2. As any pair
of hyperedges span at least r vertices we have |∪hi| ≥ r ≥ `. This implies that t > `, a
contradiction.
The next lemma deals with the case when ` > r.
Lemma 10. Fix integers ` > r ≥ 3 and let G be an r-uniform hypergraph.
(1) If x is a vertex of degree d(x) >
(
`−1
r−1
)
, then there exists a Berge-S` with center x.
(2) If x is a vertex of degree d(x) =
(
`−1
r−1
)
such that the neighborhood of x contains at least
` vertices, then there exists a Berge-S` with center x.
Proof. Consider the (r − 1)-uniform link hypergraph Gx. By the degree condition on d(x)
in (1) or (2) we have |E(Gx)| ≥
(
`−1
r−1
)
. Suppose the maximum SDR is of size c < `. Let
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f1, f2, . . . , fc be the hyperedges of a c-SDR and let S be the representatives. Let f be an
arbitrary hyperedge distinct from f1, . . . , fc. Observe that f is contained in S as otherwise
we can easily form a (c+ 1)-SDR with f which contradicts the maximality of c. Therefore,
every hyperedge not part of the c-SDR must be contained in S. By condition (1) or (2)
we have at least one fi, say f1, that is not contained in S. Let y ∈ f1 \ S and z ∈ S be
the representative of f1. If f contains z, then we can form a (c + 1)-SDR by changing the
representative of f1 to y and allowing z to be the representative of f , a contradiction. Thus,
f does not contain z.
We distinguish two cases.
Case 1: f1 is the only hyperedge of the c-SDR not contained in S.
If no hyperedge different from f1 is incident to z, then the number of hyperedges is at
most
1 +
(|S \ {z}|
r − 1
)
≤ 1 +
(
`− 2
r − 1
)
<
(
`− 1
r − 1
)
which contradicts the bound on |E(Gx)|. If there is a hyperedge (other than f1) incident to
z, then it must be a hyperedge of the c-SDR. So suppose f2 is incident to z. Now if f is
incident to the representative z′ of f2, then we can form a larger SDR by allowing z′ to be
the representative of f , z to be the representative of f2 and y to be the representative of f1,
a contradiction. Therefore, f is disjoint from z and z′. Then the number of hyperedges is at
most
c+
(|S \ {z, z′}|
r − 1
)
≤ (`− 1) +
(
`− 3
r − 1
)
<
(
`− 1
r − 1
)
which contradicts the bound on |E(Gx)|.
Case 2: There are at least two hyperedges of the c-SDR, say f1 and f2, not contained
in S.
If z and z′ are the representatives of f1 and f2, respectively, then f cannot contain z or
z′ as otherwise we can form a larger SDR. Therefore, the number of hyperedges is at most
c+
(|S \ {z, z′}|
r − 1
)
≤ (`− 1) +
(
`− 3
r − 1
)
<
(
`− 1
r − 1
)
which contradicts the bound on |E(Gx)|.
Lemma 11. Fix integers ` > r ≥ 3 and suppose G is a Berge-S`-free r-uniform hypergraph.
If x is a vertex of degree d(x) =
(
`−1
r−1
)
, then the link hypergraph Gx is a Kr−1`−1 .
Proof. Suppose that the link hypergraph Gx is not a Kr−1`−1 , then the neighborhood of x must
contain more than ` − 1 vertices as d(x) = (`−1
r−1
)
. Now we may apply Lemma 10 to find a
Berge-S` in G, a contradiction.
We begin with a simple application of Lemma 10 which was proved in [23].
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Theorem 12 (Gerbner, Methuku and Palmer [23]). Fix integers ` ≥ 1 and r ≥ 2.
(1) If ` > r, then
exr(n,Berge-S`) ≤
(
`
r
)
n
`
.
Furthermore, this bound is sharp whenever ` divides n.
(2) If ` ≤ r, then
exr(n,Berge-S`) ≤ `− 1
r
n.
Furthermore, this bound is sharp whenever r divides n.
Proof. For the sharpness assertion in Case (1) consider the r-uniform hypergraph consisting
of n
`
pairwise disjoint complete hypergraphs Kr` . A Berge-S` necessarily contains at least r+1
vertices (for ` ≥ 2), so no such complete hypergraph contains a Berge-S`. The number of
hyperedges in this construction is exactly n
`
(
`
r
)
. Note that when ` does not divide n we may
still construct many disjoint copies of Kr` and an additional smaller complete hypergraph.
For the upper bound in Case (1) suppose that H is an r-uniform n-vertex hypergraph
with |E(H)| > n
`
(
`
r
)
hyperedges. The average degree of H is
d(H) > r
n
(
`
r
)
n
`
=
(
`− 1
r − 1
)
.
This implies that H contains a vertex x of degree greater than (`−1
r−1
)
. Applying Lemma 10
to the hyperedges incident to x gives a Berge-S` in H, a contradiction.
The upper bound in Case (2) follows directly Lemma 9. The sharpness assertion follows
from the the fact that r-uniform (` − 1)-regular n-vertex hypergraphs exist when r divides
n and n > r. We give a concrete example here. Arrange n vertices around a circle. By
considering intervals of r consecutive vertices we can partition the n vertices into n/r classes
each of size r. If we begin this partition from different starting vertices we may create
`−1 < r different partitions such that no pair of partitions has a class in common. It is easy
to see that this collection of (`−1)n
r
total partition classes forms an r-uniform (`−1)-regular
hypergraph on n vertices.
We now begin our proof of Theorem 4. We first consider the case when the uniformity r
is large.
Theorem 13. Fix integers `, k ≥ 1 and r ≥ `+ k − 1. Then for n large enough,
exr(n,Berge-k · S`) ≤ `− 1
r − k + 1(n− k + 1).
Furthermore, this bound is sharp whenever r − k + 1 divides n− k + 1.
12
Proof. Let us begin with the lower bound. We construct a hypergraph H∗ as follows. Con-
sider an (`− 1)-regular (r− k + 1)-uniform hypergraph on a vertex set B∗ of size n− k + 1.
Such a hypergraph exists as r − k + 1 divides n− k + 1 and r ≥ `− 1. Add a fixed set A∗
of k − 1 vertices to each hyperedge to form an r-uniform hypergraph on n vertices. Each
vertex in B∗ has degree at most `− 1, so the skeleton of any Berge-S` must use at least one
vertex from A∗. Therefore, H∗ is Berge-k · S`-free and has
|E(H∗)| = `− 1
r − k + 1(n− k + 1).
Now we prove the upper bound. Let H be an r-uniform n-vertex hypergraph with no
Berge-k · S`. Let A be the set of vertices in H of degree greater than some fixed (large
enough) constant D = D(`, k, r) and let B = V (H) − A be the remaining vertices. Put
c = |A|.
Claim 14. c ≤ k − 1.
Proof. Suppose c ≥ k and let A′ ⊆ A be a set of k vertices of degree at least D. As D is
large enough, it is easy to see that there is a Berge-S` with center in A
′ but whose skeleton
is otherwise disjoint from A′. Now suppose that we have found a Berge-(k − 1) · S` whose
skeleton intersects A′ in (k−1) vertices (namely, only the centers of each star in the skeleton
is in A′). This Berge-(k− 1) ·S` has (k− 1)` hyperedges and its skeleton spans (k− 1)(`+ 1)
vertices. Let x be the vertex in A′ not in the skeleton of this Berge-(k − 1) · S`. Let us
remove the hyperedges of the Berge-(k − 1) · S` from H. As D is large enough, Lemma 10
implies that among the remaining hyperedges there is Berge-S(k−1)(`+1)+`, denoted S, with
center x. Thus S is hyperege-disjoint from the Berge-(k − 1) · S`. However, the skeleton of
both of these subhypergraphs may intersect. At most (k − 1)(`+ 1) vertices of the skeleton
of S are shared with the skeleton of the Berge-(k − 1) · S`. Therefore, there is a Berge-S`
whose skeleton is disjoint from the skeleton of the Berge-(k − 1) · S`. In particular, we have
a Berge-k · S`, a contradiction.
Claim 15. If c = k − 1, then each vertex in B has degree at most `− 1. If c < k − 1, then
for any  > 0 and n large enough the average degree of the vertices in B is at most `− 1 + .
Proof. First consider the case when c = k− 1 and suppose there is a vertex x in B of degree
at least `. Let us remove vertices from the hyperedges incident to x so that they are disjoint
from A and of size exactly `. This is possible as r ≥ ` + k − 1. Now, by Lemma 9, there is
a Berge-S` with center x among these `-uniform hyperedges. The skeleton of this Berge-S`
is necessarily contained in B. Clearly this Berge-S` corresponds to a Berge-S`, denoted S,
in H whose skeleton is contained in B. Now, as the degrees of the vertices in A are large
enough, we can construct a Berge-(k − 1) · S` whose hyperedges and skeleton are disjoint
from those of S. Therefore, H contains Berge-k · S`, a contradiction.
Now consider the case when c < k−1 and suppose that the average degree of the vertices
in B is ` − 1 +  for some absolute constant 0 <  ≤ 1. Thus, the sum of degrees of the
vertices in B is (` − 1 + )(n − c). Let s be the number of vertices of degree at most ` − 1
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in B. Recall that the vertices in B have degree at most D. Thus, the sum of degrees in B
is at most (`− 1)s+D(n− c− s). Combining these estimates and solving for s gives
s ≤ D − `+ 1− 
D − `+ 1 (n− c) = (1− 
′)(n− c)
for some ′ > 0 depending only on , `, k and r. Therefore, the number of vertices of degree
at least ` is ′n = Ω(n).
Let us call a pair of vertices x, y ∈ B far if they do not share a common neighbor in B
(they may still have a common neighbor in A). As the vertices in B have constant maximum
degree we can find a subset B′ of size Ω(n) such that all vertices have degree at least ` and
all pairs of vertices are far.
For each vertex x in B′ there is a Berge-S` with center x. The hyperedges of this Berge-S`
may intersect A. However, as r ≥ `+k−1 > `+c we can find a skeleton of this Berge-S` that
does not include a vertex of A. As any two vertices in B′ do not share a common neighbor
in B, we have a collection of hyperedge-disjoint copies of a Berge-S`. As n is large enough
we can find a Berge-k · S`, a contradiction.
Now let us estimate the number of hyperedges in H. First observe that∑
x∈A
d(x) ≤ c|E(H)|
as each hyperedge incident to A is counted at most c = |A| times. Let d(B) be the average
degree of the vertices in B and observe that
r|E(H)| =
∑
x∈B
d(x) +
∑
x∈A
d(x)
≤ d(B)(n− c) + c|E(H)|.
Solving for |E(H)| gives
|E(H)| ≤ d(B)
r − c(n− c). (1)
Now, by Claim 15 we can choose  small enough and n large enough so that the bound in
(1) is maximized when c = k − 1. Thus,
|E(H)| ≤ `− 1
r − k + 1(n− k + 1)
for n large enough.
We now consider the case when r ≤ ` + k − 1. We begin with a construction of an
r-uniform n-vertex Berge-k · S`-free hypergraph. Fix integers `, k ≥ 1 and r ≥ 2 such that
r ≤ `+ k − 1. Put n− k + 1 = q · `+ t for 0 ≤ t < `.
Let A∗ be a set of k − 1 vertices and B∗ be a set of n − k + 1 vertices. Partition the
vertices of B∗ into q classes of size ` and (if t > 0) a single class of size t < `. For each
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partition class S∗ of B∗ we form a complete r-uniform hypergraph Kr`+k−1 (or K
r
t+k−1) on the
vertices of A∗∪S∗. Let H(n, `, k, r) be the resulting hypergraph. The number of hyperedges
in H(n, `, k, r) is exactly
|E(n, `, k, r)| =
((
`+ k − 1
r
)
−
(
k − 1
r
))
n− k + 1− t
`
+
(
t+ k − 1
r
)
.
The skeleton of any Berge-S` in H(n, `, k, r) must use at least one vertex of A∗. There-
fore, there are at most k − 1 copies of a Berge-S` that have vertex-disjoint skeletons, i.e.,
H(n, `, k, r) is Berge-k · S`-free.
Theorem 16. Fix integers `, k ≥ 1 and r ≥ 2 such that r ≤ ` + k − 2. Then for n large
enough,
exr(n,Berge-k · S`) ≤
((
`+ k − 1
r
)
−
(
k − 1
r
))⌈
n− k + 1
`
⌉
+
(
k − 1
r
)
.
Furthermore, when ` divides n− k + 1, we have equality and (as long as r ≥ 3) H(n, `, k, r)
is the unique hypergraph achieving this bound.
Proof. In order to prove the theorem it is enough to restrict ourselves to the case when
` divides n − k + 1. We proceed by induction on r. The case when r = 2 follows from
Theorem 1 as a Berge-S` is simply a copy of the graph S`, i.e.,
ex2(n,Berge-k · S`) = ex(n, k · S`) ≤ `− 1
2
(n− k + 1) + (k − 1)(n− k + 1) +
(
k − 1
2
)
=
n− k + 1
`
((
`+ k − 1
2
)
−
(
k − 1
2
))
+
(
k − 1
2
)
.
So now let r ≥ 3 and assume that the statement of the theorem holds for r−1. Let `, k, n
satisfy the conditions of the theorem and (for simplicity of notation) put H∗ = H(n, `, k, r).
Let H be an r-uniform n-vertex hypergraph with no Berge-k · S` and at least |E(H∗)| hy-
peredges. Let A be the set of vertices in H of degree greater than some fixed (large enough)
constant D = D(`, k, r) and let B = V (H)− A be the remaining vertices. Put c = |A|.
Claim 17. c ≤ k − 1.
Proof. The proof of this claim identical to that of Claim 14 in the proof of Theorem 13. We
include the argument here to keep the proof self-contained.
Suppose c ≥ k and let A′ ⊆ A be a set of k vertices of degree at least D. As D is
large enough, it is easy to see that there is a Berge-S` with center in A
′ but whose skeleton
is otherwise disjoint from A′. Now suppose that we have found a Berge-(k − 1) · S` whose
skeleton intersects A′ in (k−1) vertices (namely, only the centers of each star in the skeleton
is in A′). This Berge-(k− 1) ·S` has (k− 1)` hyperedges and its skeleton spans (k− 1)(`+ 1)
vertices. Let x be the vertex in A′ not in the skeleton of this Berge-(k − 1) · S`. Let us
remove the hyperedges of the Berge-(k − 1) · S` from H. As D is large enough, Lemma 10
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implies that among the remaining hyperedges there is Berge-S(k−1)(`+1)+`, denoted S, with
center x. Thus S is hyperege-disjoint from the Berge-(k − 1) · S`. However, the skeleton of
both of these subhypergraphs may intersect. At most (k − 1)(`+ 1) vertices of the skeleton
of S are shared with the skeleton of the Berge-(k − 1) · S`. Therefore, there is a Berge-S`
whose skeleton is disjoint from the skeleton of the Berge-(k − 1) · S`. In particular, we have
a Berge-k · S`, a contradiction.
Case 1: c < k − 1.
For each x ∈ A consider the link hypergraph Hx = {e−x |x ∈ e ∈ H}. If Hx contains an
(r − 1)-uniform Berge-(k − 1) · S`, then H contains a Berge-(k − 1) · S` whose skeleton does
not use the vertex x. Now remove the hyperedges of the Berge-(k − 1) · S` from H. As D is
large enough, the vertex x is still incident to enough hyperedges so that we can find greedily
a copy of a Berge-S` with center x that is hyperedge-disjoint from the Berge-(k − 1) · S`
and whose skeleton is disjoint from the skeleton of the Berge-(k − 1) · S`. Together we have
a Berge-k · S`, a contradiction. Therefore, Hx is an (r − 1)-uniform Berge-(k − 1) · S`-free
hypergraph on n− 1 vertices. By induction we have
d(x) = |Hx| ≤
((
`+ k − 2
r − 1
)
−
(
k − 2
r − 1
))
n− k + 1
`
+
(
k − 2
r − 1
)
.
Let d(B) be the average degree of the vertices in B. Thus,∑
x∈V (H)
d(x) =
∑
x∈A
d(x) +
∑
x∈B
d(x)
≤ c
(((
`+ k − 2
r − 1
)
−
(
k − 2
r − 1
))
n− k + 1
`
+
(
k − 2
r − 1
))
+ (n− c)d(B).
On the other hand, for H∗ = H(n, `, k, r) we have∑
x∈V (H∗)
d(x) =
∑
x∈A∗
d(x) +
∑
x∈B∗
d(x)
≥ (k − 1)
(((
`+ k − 2
r − 1
)
−
(
k − 2
r − 1
))
n− k + 1
`
+
(
k − 2
r − 1
))
+ (n− k + 1)
(
`+ k − 2
r − 1
)
.
As c < k − 1 and |E(H)| ≥ |E(H∗)|, if we compare the coefficients of n in the two
inequalities, it is clear that we must have d(B) ≥ (`+k−2
r−1
)
+ 1 for n large enough.
Now let us estimate the number of vertices in B of degree greater than
(
`+k−2
r−1
)
. Let s
be the number of vertices of degree at most
(
`+k−2
r−1
)
in B. Recall that the vertices in B
have degree at most D. Thus, the sum of degrees in B is at most
(
`+k−2
r−1
)
s + D(n− c− s).
Combining these estimates and solving for s gives
s ≤ D −
(
`+k−2
r−1
)− 1
D − (`+k−2
r−1
) (n− c) = (1− ′)(n− c)
16
for some ′ > 0 not depending on n. Therefore, the number of vertices of degree greater than(
`+k−2
r−1
)
is ′n = Ω(n).
Let us call a pair of vertices u, v ∈ B far if they do not share a common neighbor in B
(they may still have a common neighbor in A). As the vertices in B have constant maximum
degree we can find a subset B′ of size Ω(n) such that all vertices have degree greater than(
`+k−2
r−1
)
and all pairs of vertices are far.
By Lemma 10, for each vertex u in B′ there is a Berge-S`+k−1 with center u. Therefore,
there is a Berge-S` with center u whose skeleton is disjoint from A. As any two vertices in
B′ do not share a common neighbor in B we have a collection of hyperedge-disjoint copies
of Berge-S`. Thus, as n is large enough we can find a Berge-k · S`, a contradiction.
Case 2: c = k − 1.
In this case we have that each vertex in B has degree at most
(
`+k−2
r−1
)
. Indeed, if there
is a vertex x of degree greater than
(
`+k−2
r−1
)
, then there is a Berge-S`+k−1 with center x by
Lemma 10. The skeleton of this Berge-S`+k−1 uses at most k − 1 vertices from A, so there
remains a Berge-S`, denoted S whose skeleton is contained in B. As D is large enough, we
may construct k − 1 more pairwise hyperedge-disjoint copies of a Berge-S` (with pairwise
vertex-disjoint skeletons) that are hyperedge-disjoint from S and whose skeletons are vertex-
disjoint from the skeleton of S. Therefore, we have a Berge-k · S` in H, a contradiction.
We distinguish two subcases based on the degrees in B.
Case 2.1: There exists a vertex x ∈ B with d(x) < (`+k−2
r−1
)
.
Let us compare H to the construction H∗. Every vertex in B has degree at most (`+k−2
r−1
)
while every vertex in B∗ has degree exactly
(
`+k−2
r−1
)
.
As |E(H)| ≥ |E(H∗)| this implies that there exists a vertex y ∈ A and a vertex y∗ ∈ A∗
such that d(y) > d(y∗). Define two j-uniform multi-hypergraphs as follows:
Eyj = {e \ A | y ∈ e and |e \ A| = j} and Ey
∗
j = {e \ A∗ | y ∈ e and |e \ A∗| = j} .
Note that the hyperedges in Eyj have multiplicity at most
(
k−2
r−1−j
)
and those in Ey
∗
j have
multiplicity exactly
(
k−2
r−1−j
)
.
Observe that when k − 1 ≥ r − 1, each vertex of B∗ is in a hyperedge with each subset
of A∗ of size r− 1. This implies that |Ey∗1 | ≥ |Ey1 |. When k− 1 < r− 1, then Ey
∗
1 = E
y
1 = ∅.
Therefore, as d(y) > d(y∗), we have that |Eyj | > |Ey
∗
j | for some j ≥ 2. Now let E be the
j-uniform hypergraph resulting from deleting all repeated hyperedges in Eyj .
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Thus, the number of hyperedges in the j-uniform hypergraph E is
|E| ≥
(
k − 2
r − 1− j
)−1
|Eyj |
>
(
k − 2
r − 1− j
)−1
|Ey∗j | =
(
k − 2
r − 1− j
)−1(
k − 2
r − 1− j
)
n− k + 1
`
(
`
j
)
=
n− k + 1
`
(
`
j
)
≥ exj(n− k + 1,Berge-S`).
Therefore, there is a j-uniform Berge-S` in E on the vertices of B. As each hyperedge
of E is contained in a hyperedge of H, this corresponds to a Berge-S` in H whose skeleton
is contained in B. As before, the degree condition on the vertices in A guarantees the
existence of a Berge-(k − 1) · S` that together with this Berge-S` forms a Berge-k · S` in H,
a contradiction.
Case 2.2: For every vertex x ∈ B we have d(x) = (`+k−2
r−1
)
.
If the neighborhood N(x) of x contains more than `+ k− 2 vertices, then by Lemma 10
there is a Berge-S`+k−1 with center x. As before, we can use this Berge-S`+k−1 to show the
existence of a Berge-k · S`, a contradiction. Therefore, |N(x)| = ` + k − 2 and Lemma 11
implies that the link hypergraph Hx is a Kr−1`+k−2. The vertices of this Kr−1`+k−2 are exactly
N(x). If N(x) intersects A in fewer than k − 1 vertices, then we have a Berge-S` whose
skeleton is contained in B which we can combine with the Berge-(k − 1) · S` with centers in
A to form a Berge-k · S`, a contradiction. Therefore, N(x)∩A = A and |N(x)∩B| = `− 1.
Now let y be a vertex in N(x) ∩ B. For each z different from y in N(x) ∪ {x}, there is a
hyperedge containing x and y. Therefore, the neighborhood of y contains N(x) ∪ {x}. If
N(y) is any larger, then by Lemma 10 we can find a Berge-S`+k−1 with center y, which again
leads to a contradiction.
This implies that x is contained in a complete graph Kr`+k−1 that intersects A in exactly
k − 1 vertices. This holds for every vertex x ∈ B, so H has the exact structure as the
construction H∗.
With some additional argument it seems likely that one can show that H(n, `, k, r) is
the unique extremal hypergraph for Berge-k · S` even when we do not have the appropriate
divisibility condition on n+ k + 1.
We conclude this section with an easy consequence of Theorem 16. We need a further
definition. For fixed graphs H and F let ex(n,H, F ) denote the maximum number of copies
of a subgraph H in an n-vertex F -free graph. This generalization of the classical Tura´n
extremal number ex(n, F ) was introduced by Alon and Shikhelman [1]. These generalized
Tura´n numbers are closely related to Tura´n numbers for Berge hypergraphs. See [27, 44, 23]
for details.
If G is an n-vertex F -free graph, then we can define an r-uniform hypergraph H with
the same vertex set as G and an r-set in H is a hyperedge if and only if it is the vertex set
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of a Kr in G. It is easy to see that as G is F -free, then H contains no Berge-F . Thus
ex(n,Kr, F ) ≤ exr(n,Berge-F ) (2)
holds in general. Therefore, the upper bound in Theorem 16 gives the following corollary.
The construction is nearly identical to the hypergraph H(n, `, k, r). We leave the details to
the reader.
Corollary 18. Fix integers `, k ≥ 1, r ≥ 3. If r ≤ ` + k − 2, ` divides n − k + 1 and n is
large enough then,
ex(n,Kr, k · S`) =
((
`+ k − 1
r
)
−
(
k − 1
r
))
n− k + 1
`
+
(
k − 1
r
)
.
When r ≥ `+ k − 1, Theorem 13 gives an upper bound on ex(n,Kr, k · S`) that is linear
in n. However, it seems likely that the correct bound is a constant depending on `, k and r.
Indeed, we conjecture that the unique k · S`-free graph maximizing the number of copies of
Kr is a complete graph on k(`+ 1)− 1 vertices (to be precise here we should assume every
edge is in a Kr). This conjecture is supported by a theorem of Wang [48] that implies
ex(n,Kr, k · S1) =
(
2k − 1
r
)
when r ≥ k + 2 and n ≥ 2k − 1 which is essentially the case of the conjecture when ` = 1.
The shifting method employed in [48] may be effective in proving this conjecture. For more
on the problem of forbidding disjoint copies of a graph see Gerbner, Methuku and Vizer [25].
Acknowledgments
The authors would like to thank Da´niel Gerbner and Abhishek Methuku for several useful
discussions.
References
[1] N. Alon and C. Shikhelman. Many T copies in H-free graphs. J. Combin. Theory, Series
B, 121 (2016) 146–172.
[2] R. Anstee and S. Salazar. Forbidden Berge hypergraphs. Electron. J. Combin., 24 (2017)
#P1.59.
[3] B. Bolloba´s. Modern Graph Theory. Springer Science+Business Media, Inc., USA, 3rd
edition, 1998.
[4] J. A. Bondy and M. Simonovits. Cycles of even length in graphs. J. Combin. Theory,
Series B, 16 (1974) 97–105.
19
[5] N. Bushaw and N. Kettle. Tura´n Numbers of Multiple Paths and Equibipartite Forests.
Combin. Probab. Comput., 20 (2011) 837–853.
[6] N. Bushaw and N. Kettle. Tura´n Numbers for Forests of Paths in Hypergraphs. SIAM
J. Discrete Math., 28 (2014) 711–721.
[7] A. Davoodi, E. Gyo˝ri, A. Methuku and C. Tompkins. An Erdo˝s-Gallai type theorem
for uniform hypergraphs. European J. Combin., 69 (2018) 159–162.
[8] R. A. Duke and P. Erdo˝s. Systems of finite sets having a common intersection. Proc. 8th
Southeastern Conf. Combinatorics, Graph Theory and Computing Congress. Numer.,
19 (1977) 247–252.
[9] C. Collier-Cartaino, N. Graber and T. Jiang. Linear Tura´n numbers of r-uniform linear
cycles and related Ramsey numbers. Combin. Probab. Comput., 27 (2018) 358-386.
[10] B. Ergemlidze, E. Gyo˝ri and A. Methuku. Asymptotics for Tura´n numbers of cycles in
3-uniform linear hypergraphs. J. Combin. Theory, Series A, 163 (2019) 163–181.
[11] P. Erdo˝s. Extremal problems in graph theory. Theory of Graphs and its Applications
(Proc. Sympos. Smolenice, 1963), pages 29–36, 1964.
[12] P. Erdo˝s. A problem on independent r-tuples. Ann. Univ. Sci. Budapest, 8 (1965)
93–95.
[13] P. Erdo˝s and T. Gallai. On maximal paths and circuits of graphs. Acta Math. Acad.
Sci. Hungar., 10 (1959) 337-356.
[14] P. Erdo˝s and R. Rado. Intersection theorems for systems of sets. J. London Math. Soc.,
35 (1960) 85–90.
[15] P. Erdo˝s and M. Simonovits. A limit theorem in graph theory. Studia Sci. Math.
Hungar., 1 (1966) 51–57.
[16] P. Erdo˝s and A. H. Stone. On the structure of linear graphs. Bull. Amer. Math. Soc.,
52 (1946) 1087–1091.
[17] Z. Fu¨redi. Linear trees in uniform hypergraphs. European J. Combin., 35 (2014) 264–
272.
[18] Z. Fu¨redi and T. Jiang. Hypergraph Tura´n numbers of linear cycles, J. Combin. Theory,
Series A, 123 (2014) 252–270.
[19] Z. Fu¨redi, T. Jiang and R. Seiver. Exact solution of the hypergraph Tura´n problem for
k-uniform linear paths. Combinatorica, 34 (2014) 299–322.
[20] Z. Fu¨redi and L. O¨zkahya. On 3-uniform hypergraphs without a cycle of a given length.
Discrete Appl. Math., 216 (2017) 582–588.
20
[21] Z. Fu¨redi and M. Simonovits. A survey of Tura´n problems for expansions, Recent Trends
in Combinatorics, volume 25. Erdo˝s Centennial. Bolyai Society Mathematical Studies,
2013.
[22] P. Frankl and A. Kupavskii. The Erdo˝s Matching Conjecture and concentration inequal-
ities. arXiv preprint arXiv:1806.08855 (2018)
[23] D. Gerbner, A. Methuku and C. Palmer. General lemmas for Berge-Tura´n hypergraph
problems. arXiv preprint arXiv:1808.10842 (2018).
[24] D. Gerbner, A. Methuku and M. Vizer. Asymptotics for the Tura´n number of Berge-K2,t.
J. Combin. Theory, Series B, to appear
[25] D. Gerbner, A. Methuku and M. Vizer. Generalized Tura´n problems for disjoint copies
of graphs. Discrete Math., 342 (2019) 3130–3141.
[26] D. Gerbner and C. Palmer. Extremal results for Berge-hypergraphs. SIAM J. Discrete
Math., 31 (2017) 2314–2327.
[27] D. Gerbner and C. Palmer. Counting copies of a fixed subgraph in F -free graphs. Eu-
ropean J. Combin., 82 (2019)
[28] D. Gerbner and B. Patko´s. Extremal Finite Set Theory, 1st Edition, CRC Press, 2018.
[29] E. Gyo˝ri. Triangle-Free Hypergraphs. Combin. Probab. Comput., 15 (2006) 185–191.
[30] E. Gyo˝ri, G.Y. Katona and N. Lemons. Hypergraph extensions of the Erdo˝s-Gallai
theorem. European J. Combin., 58 (2016) 238–246.
[31] E. Gyo˝ri and N. Lemons. 3-uniform hypergraphs avoiding a given odd cycle. Combina-
torica, 32 (2012) 187–203.
[32] E. Gyo˝ri and N. Lemons. Hypergraphs with no cycle of length 4. Discrete Math., 312
(2012) 1518–1520.
[33] E. Gyo˝ri and N. Lemons. Hypergraphs with no cycle of a given length. Combin. Probab.
Comput., 21 (2012) 193–201.
[34] D. Gro´sz, A. Methuku and C. Tompkins. Uniformity thresholds for the asymptotic size
of extremal Berge-F -free hypergraphs. arXiv preprint arXiv:1803.01953 (2018).
[35] D. Johnston, C. Palmer and A. Sarkar. Rainbow Tura´n Problems for paths and forests
of stars. Electron. J. Combin., 24 (2017) 1–34.
[36] A. Kostochka, D. Mubayi and J. Verstrae¨te. Tura´n problems and shadows I: Paths and
cycles. J. Combin. Theory, Series A, 129 (2015) 57–79.
21
[37] A. Kostochka, D. Mubayi and J. Verstrae¨te. Tura´n problems and shadows II: Trees. J.
Combin. Theory, Series B, 122 (2017) 457–478.
[38] A. Kostochka, D. Mubayi and J. Verstrae¨te. Tura´n problems and shadows III: expansions
of graphs. SIAM J. Discrete Math., 29 (2015) 868–876.
[39] T. Ko˝va´ri, V. T. So´s and P. Tura´n. On a problem of K. Zarankiewicz. Colloquium
Math., 3 (1954) 50–57.
[40] F. Lazebnik and J. Verstrae¨te. On hypergraphs of girth five. Electron. J. Combin., 10
(2003) #R25.
[41] B. Lidicky´, H. Liu and C. Palmer. On the Tura´n number of forests. Electron. J.
Combin., 20 (2013) #P62.
[42] D. Mubayi. A hypergraph extension of Tura´n’s Theorem. J. Combin. Theory, Series B,
96 (2006) 122–134.
[43] D. Mubayi and J. Verstrae¨te. A survey of Tura´n problems for expansions, Recent Trends
in Combinatorics. Springer, 2011.
[44] C. Palmer, M. Tait, C. Timmons and A.Z. Wagner. Tura´n numbers for Berge-
hypergraphs and related extremal problems. Discrete Math., 342 (2019) 1553–1563.
[45] O. Pikhurko. Exact computation of the hypergraph Tura´n function for expanded com-
plete 2-graphs. J. Combin. Theory, Series B, 103 (2013) 220–225.
[46] P. Tura´n. Egy gra´felme´leti sze´lso˝e´rte´kfeladatro´l. Mat. es Fiz. Lapok, 48 (1941) 436–452.
[47] C. Timmons. On r-uniform linear hypergraphs with no Berge-K2,t. Electron. J. Combin.,
24 (2017), #P4.34.
[48] J. Wang. The shifting method and generalized Tura´n number of matchings. arXiv
preprint arXiv:1812.01832 (2019).
22
